In a recent paper [13] the author and Rick Schoen obtained a generalization to higher dimensions of a classical result of Hawking concerning the topology of black holes. It was proved that, apart from certain exceptional circumstances, cross sections of the event horizon (in the stationary case) and outer apparent horizons (in the general case) in black hole spacetimes obeying the dominant energy condition are of positive Yamabe type. This implies many well-known restrictions on the topology, and is consistent with recent examples of five dimensional stationary black hole spacetimes with horizon topology S 2 × S 1 . In the present paper, we rule out in several natural scenarios, including the stationary case, the possibility of any such exceptional circumstances (which might have permitted, e.g., toroidal cross sections). This follows from the main result, which is a rigidity result for suitably outermost marginally outer trapped surfaces that are not of positive Yamabe type.
Introduction
Some recent developments in physics inspired by string theory, such as the AdS/CFT correspondence and brane world phenomenology, have heightened interest in higher dimensional gravity. In particular, there has been a considerable amount of recent research devoted to the study of black holes in higher dimensions; for a sample, see [11, 17, 10] , and references cited therein. In [13] , Schoen and the author obtained a generalization to higher dimensions of a classical result of Hawking concerning the topology of black holes. We proved that, apart from certain exceptional circumstances, outer apparent horizons, in particular cross sections of the event horizon in stationary black hole spacetimes, are of positive Yamabe type, i.e., admit metrics of positive scalar curvature, provided a standard energy condition holds. This implies many well-known restrictions on the topology of the horizon, and is consistent with recent examples [11] of five dimensional stationary black hole spacetimes with horizon topology S 2 × S 1 . In particular, in 3 + 1 dimensions, the Gauss-Bonnet theorem implies that the horizon is topologically a 2-sphere, and one recovers Hawking's theorem.
If, however, certain quantities vanish on the horizon, e.g., if the horizon is Ricci flat and spacetime is vacuum in its vicinity, then the arguments in [13] do not quite guarantee the conclusion of being positive Yamabe. One of the main aims of the present paper is to rule out the possibility of any exceptions to being positive Yamabe under a natural set of physical circumstances. This will follow as a consequence of a rigidity result for marginally outer trapped surfaces that do not admit metrics of positive scalar curvature. This result may be viewed as a spacetime analogue of the rigidity results for area minimizing hypersurfaces in a Riemannian manifold obtained in [8, 9] . The rationale for such a result had been discussed by the author (in the 3 + 1 setting) in [12] ; see also [1] .
In order to state this spacetime rigidity result, let us begin with a few definitions, and, in particular, introduce the basic object of study, that of a marginally outer trapped surface. Let Σ n−1 , n ≥ 3, be a compact spacelike submanifold of codimension two in a spacetime (time-oriented Lorentzian manifold) (M n+1 , g). Under suitable orientation assumptions, Σ admits two smooth nonvanishing future directed null normal vector fields K + and K − . These vector fields are unique up to pointwise scaling. By convention, we refer to K + as outward pointing and K − as inward pointing. Let χ ± denote the null second fundamemtal form associated to K ± . Thus, for each p ∈ Σ, χ ± : T p Σ × T p Σ → R is the symmetric bilinear form defined by,
where ∇ is the Levi-Civita connection of g = , . Tracing with respect to the induced metric h on Σ we obtain the null expansion scalars (or null mean curvatures) θ ± = tr χ ± = div Σ K ± . As is well-known, the sign of θ ± is invariant under positive rescalings of K ± . Physically, θ + (resp., θ − ) measures the divergence of the outward pointing (resp., inward point) light rays emanating from Σ. For round spheres in Euclidean slices of Minkowski space, with the obvious choice of inside and outside, one has θ − < 0 and θ + > 0. In fact, this is the case in general for large "radial" spheres in asymptotically flat spacelike hypersurfaces. However, in regions of spacetime where the gravitational field is strong, one may have both θ − < 0 and θ + < 0, in which case Σ is called a trapped surface. Under appropriate energy and causality conditions, the occurrence of a trapped surface signals the onset of gravitational collapse [18] and the existence of a black hole [14] . Focussing attention on just the outward null normal, we say that Σ is an outer trapped surface if θ + < 0, and is a marginally outer trapped surface (MOTS) if θ + = 0. MOTSs arise in a number of natural situations. For example, compact cross sections of the event horizon in stationary (steady state) black hole spacetimes are MOTSs. For dynamical black hole spacetimes, MOTS typically occur in the black hole region, i.e., the region inside the event horizon. While there are heuristic arguments for the existence of MOTSs in this situation, based on looking at the boundary of the 'trapped region' [14, 22] within a given spacelike slice, a recent result of Schoen [19] rigorously establishes their existence under natural conditions. MOTSs are the key ingredient behind the development of quasi-local notions of black holes (see [6] and references cited therein). On the more purely mathematical side, there are connections between MOTSs in spacetime and minimal surfaces in Riemannian manifolds. In fact, a MOTS that sits as a two-sided hypersurface in a totally geodesic spacelike hypersurface V n ⊂ M n+1 is simply a minimal hypersurface in V . Despite the absence of a variational characterization of MOTs like that for minimal surfaces, MOTS have recently been shown to satisfy a number of analogous properties; see, e.g., [5, 3, 4, 13, 19] , as well as the important earlier work of Schoen and Yau [21] . The rigidity results presented here provide another case in point.
For our main results, we shall only consider spacetimes (M n+1 , g) that satisfy the Einstein equations,
for which the energy-momentum tensor T obeys the dominant energy condition, To state the conclusion in slightly more precise terms, we show that there is a neighborhood U of Σ in N diffeomorphic to [0, t 0 )×Σ such that each slice Σ t = {t}×Σ is a MOTS.
2 The proof of Theorem 1.1 shows, in addition, that each Σ t is Ricci flat, and that a certain energy momentum tensor term vanishes on U.
Although it involves rigidity along a null hypersurface, Theorem 1.1 can be used to establish rigidity in the spacelike setting of [13] . Let V n be an n-dimensional, n ≥ 3, spacelike hypersurface in a spacetime (M n+1 , g). Let Σ n−1 be a closed hypersurface in V n , and assume that Σ n−1 separates V n into an "inside" and an "outside".
Definition 1.1. We say Σ n−1 is an outer apparent horizon in V n provided, (i) Σ is a MOTS and (ii) there are no outer trapped surfaces (θ + < 0) outside of Σ in V which are homologous to Σ.
Heuristically, Σ is the "outer limit" of outer trapped surfaces in V . The following result is (essentially) a consequence of Theorem 1.1. Thus, by strengthening the notion of 'outer apparent horizon' slightly, and requiring the sign condition, θ − < 0, we are able to eliminate the exceptional case in the main result of [13] . We note that Theorems 1.1 and 1.2 and Corollary 1.3 are local in the sense that V and N need only be defined near Σ.
A basic fact about standard (3 + 1)-dimensional black hole spacetimes [14, 22] obeying the null energy condition is that there can be no outer trapped, or even marginally outer trapped, surfaces outside the event horizon. The proof, which relies on the Raychaudhuri equation, also works in higher dimensions. Hence, subject to the sign condition, θ − < 0, Theorem 1.1 establishes, without exception, that for stationary black hole spacetimes obeying the dominant energy condition, cross sections of the event horizon are of positive Yamabe type. (By cross section, we mean smooth compact intersection of the event horizon with a spacelike hypersurface.) In fact, as we shall see in Section 4, it is possible to eliminate the sign condition, θ − < 0, altogether. There we shall describe a spacelike analogue of Theorem 1.1 that is proved in an entirely analogous fashion, which when taken in conjunction with a result of Bartnik [7] concerning the existence of maximal hypersurfaces, enables us to remove this sign condition in the stationary black hole setting. Thus we shall obtain the following. In particular, there can be no toroidal horizons in the stationary black hole case. We emphasize that Theorem 1.4 does not involve any sign conditions, apart from the dominant energy condition.
The proof of Theorem 1.1 is presented in Section 3, following some preliminary results, presented in Section 2. The proofs of Theorems 1.2 and 1.4 are presented in Section 4.
Analytic and geometric preliminaries
Let (Σ, h) be a compact Riemannian manifold. We draw together here various facts (all essentially known) about operators L :
where Q ∈ C ∞ (Σ), X is a smooth vector field on Σ and , = h. The stability operator associated with variations in the null expansion, as explicitly introduced in [3] , is of this form.
As discussed in [3] , although L is not self-adjoint in general, the Krein-Rutman theorem, together with other arguments, implies the following. which is strictly positive.
We wish to compare L with the "symmetrized" operator L 0 :
The main argument in [13] shows that if λ 1 (L) ≥ 0 then λ 1 (L 0 ) ≥ 0. In fact, as noticed by Mars and Simon [16] , a simple tweaking of this argument gives the following.
Proof. In inequality (2.7) in [13] , replace "≥ 0" by "= λ 1 φ", and proceed.
A key result in the Schoen-Yau study of manifolds of positive scalar curvature [20] is that a compact stable minimal hypersurface in a manifold of positive scalar curvature admits, itself, a metric of positive scalar curvature. Related results have been obtained in [2, 13] , and are proved using a simplification of the original argument of Schoen and Yau due to Cai [8] . These results may be formulated in a slightly more general context, as follows.
where S is the scalar curvature of (Σ, h) and
Proof. Let φ ∈ C ∞ (Σ) be a positive eigenfunction associated to the eigenvalue λ 1 = λ 1 (L 0 ). The scalar curvatureS of Σ in the conformally rescaled metrich = φ 2 n−2 h is then given by,S = φ
where, the second equation follows from (2.4), (2.5) and the fact that L 0 (φ) = λ 1 φ. Since all terms in the parentheses above are nonnegative, (2.6) implies thatS ≥ 0. IfS > 0 at some point, then by well known results [15] one can conformally rescalẽ h to a metric of strictly positive scalar curvature. If, on the other hand,S vanishes identically, then (2.6) implies: λ 1 = 0, P ≡ 0 and φ is constant. Equations (2.4) and (2.5) then imply that S ≡ 0. By an argument of Bourguinon (see [15] ), one can then deform h in the direction of the Ricci tensor of Σ to obtain a metric of positive scalar curvature, unless (Σ, h) is Ricci flat. Finally, Lemmas (2.2) and (2.3) combine to give the following.
Lemma 2.4. Lemma 2.3 also holds for the operator L in (2.3), with Q as in (2.5).
Apart from the conclusion that λ 1 (L) = 0 (if Σ does not admit a metric of positive scalar curvature), this was proved, in a specific context, in [13] .
Proof of Theorem 1.1
Let the notation and terminology be as in the statement of Theorem 1.1, and the discussion leading up to it. Assume, further, that the conditions of Theorem 1.1 hold, and, in particular, that Σ does not carry a metric of positive scalar curvature.
The first step is to show that a neighborhood of Σ in N is foliated by constant null expansion hypersurfaces, in a sense to be made precise below. To this end, we begin by smoothly extending the null hypersurface N slightly to the future of Σ in the obvious way by extending its null geodesic generators s → exp x s(−K − ), x ∈ Σ, slightly to the future of Σ. Let N be the tangent vector field to these geodesics; hence N is a past directed null geodesic vector field on N .
Let t → Σ t , −ǫ < t < ǫ, be a variation of Σ = Σ 0 along N , with variation vector field V = ∂ ∂t t=0 = φN, φ ∈ C ∞ (Σ). For each t, let K t be the future directed outward null normal vector field to Σ t , normalized so that K t , N − = −1, where N − = −N. Let θ(t) ∈ C ∞ (Σ t ) be the null expansion of Σ t with respect to K t . Since Σ is a MOTS, θ(0) = 0. Moreover, a computation shows [4] ,
where X is the vector field on Σ dual to the 1-form ω defined by,
Let λ 1 be the principle eigenvalue of L. As per Lemma 2.1, λ 1 is real, and there is an associated eigenfunction φ that is strictly positive. Using φ to define our variation, we have from (3.7),
The eigenvalue λ 1 cannot be negative, for otherwise (3.8) would imply that ∂θ ∂t < 0 on Σ. Since θ = 0 on Σ, this would mean that for t > 0 sufficiently small, Σ t would be outer trapped, contrary to assumption. Thus, λ 1 ≥ 0, and since Σ does not carry a metric of positive scalar curvature, we may apply Lemma 2.4 to L in (3.7), with P = T (K − , K + ) ≥ 0, to conclude that,
Let Θ(u) denote the null expansion of the hypersurface Σ u : x → exp x u(x)N, u ∈ C ∞ (Σ), u sufficiently small, with respect to the (suitably normalized) future directed outward null normal field to Σ u . Θ has linearization Θ ′ (0) = L, where the operator L in (3.7) is specialized according to (3.9) . We introduce the operator,
Since, by Lemma 2.1.1, λ 1 = 0 is a simple eigenvalue, the kernel of Θ ′ (0) = L consists only of constant mutiples of the eigenfunction φ. We note that λ 1 = 0 is also a simple eigenvalue for the adjoint L * of L (with respect to the standard L 2 inner product on Σ), for which there exists a positive eigenfunction φ * . Then the equation Lu = f is solvable if and only if f φ * = 0. From these facts it follows easily that Θ * has invertible linearization about (0, 0). Thus, by the inverse function theorem, for τ sufficiently small there exists u(τ ) ∈ C ∞ (Σ) and k(τ ) ∈ R such that, Θ(u(τ )) = k(τ ) and
By the chain rule,
The second equation in (3.11) then implies that u ′ (0) = const · φ > 0. It follows that for τ sufficiently small, the hypersurfaces Σ uτ form a foliation of a neighborhood of Σ in N by hypersurfaces of constant null expansion.
Thus, one can introduce coordinates (t, x i ) in a neighborhood U of Σ in N , so that, with respect to these coordinates, U = (−t 0 , t 0 ) × Σ, and for each t ∈ (−t 0 , t 0 ), the tslice Σ t = {t} × Σ has constant null expansion θ(t) with respect to the future directed outward null normal K t of Σ t , normalized so that K t , N − = −1. In addition, the coordinates (t, x i ) can be chosen so that the coordinate vector ∂ ∂t is null and past pointing. Then, for some positive function φ = φ(t, x i ) on U, we have ∂ ∂t = φN. A computation similar to that leading to (3.7) (but where we can no longer assume θ vanishes) shows that the null expansion function θ = θ(t) of the foliation obeys the evolution equation,
where, for each t ∈ (−t 0 , t 0 ),L =L t is the operator on Σ t acting on φ according to,
It is to be understood that, for each t, the above terms live on Σ t , e.g., S = S t is the scalar curvature of Σ t , and so on. Also, in the above, θ − = θ − (t) is the null expansion of Σ t with respect to N − | Σt . By condition 3 of Theorem 1.1, we have that θ − < 0 for all t ∈ [0, t 0 ), provided we choose t 0 small enough. Condition 2 of Theorem 1.1, together with the constancy of θ(t), implies that θ(t) ≥ 0 for all t ∈ [0, t 0 ). To complete the proof, we want to show that θ(t) = 0 for all t ∈ [0, t 0 ). Since θ(0) = 0, it is sufficient to show that θ ′ (t) ≤ 0 for all t ∈ [0, t 0 ). Suppose, then, there exists t ∈ (0, t 0 ) such that θ ′ (t) > 0. For this choice of t, (3.12) impliesL(φ) > 0. Hence, Lemma (2.1) implies that λ 1 (L) > 0. Note that, under the present circumstances, θ − θ ≤ 0 for all t ∈ [0, t 0 ). Thus, we may apply Lemma (2.4) toL, with P = T (N − , K) − θ − θ ≥ 0, to conclude that Σ t ≈ Σ carries a metric of positive scalar curvature, contrary to assumption. Remark: Note further, sinceL(φ) = θ ′ = 0 for each t ∈ [0, t 0 ), Lemma 2.1.2 implies λ 1 ≥ 0. Hence, by Lemma (2.4), we have the further consequence that for each t ∈ [0, t 0 ), Σ t is Ricci flat and T (N − , K) vanishes along Σ t .
Proofs of Theorems 1.2 and 1.4
Proof of Theorem 1.2. With notation as in the proof of Theorem 1.1, let N be the null hypersurface, defined and smooth near Σ, generated by the outward past directed null geodesics s → exp x s(−K − ) orthogonal to Σ. It is clear from its proof that Theorem 1.1 remains valid if property 2 in its statement is replaced by the following weaker condition.
2
′ . For every variation t → Σ t , −ǫ < t < ǫ of Σ = Σ 0 along N , with variation vector field V = φ (−K − ), φ > 0, there exists t 0 ∈ (0, ǫ) such that Σ t is not outer trapped for all t ∈ (0, t 0 ).
We observe that the assumption that Σ is an outer apparent horizon in V implies that property 2 ′ holds. Suppose, to the contrary, there exists a variation t → Σ t , 0 ≤ t < ǫ, of Σ into the past along N and a sequence t n ց 0 such that Σ n := Σ tn is outer trapped. Let H n be the null hypersurface generated by the future directed outward null geodesics orthogonal to Σ n . Restricting to a small tubular neighborhood of Σ, for all n sufficiently large, H n will be a smooth null hypersurface that meets V in a compact surfaceΣ n outside of Σ in V which is homologous to Σ. By Raychaudhuri's equation for a null congruence and the null energy condition (which is a consequence of the dominant energy condition), the expansion of the null generators of H n must be nonincreasing to the future. It follows that, for n large,Σ n is outer trapped, contrary to the assumption that Σ is an outer apparent horizon.
Thus, by Theorem 1.1, mildly strengthened as described above, there exists a foliation {Σ u }, 0 ≤ u ≤ u 0 , of a past-sided neighborhood U of Σ in N by MOTS, θ + (u) = 0. Pushing each Σ u along the future directed outward null normal geodesics to Σ u we obtain, by taking u 0 smaller if necessary, a smooth foliation {Σ u }, 0 ≤ u ≤ u 0 , of an outer neighborhoodÛ of Σ in V . Moreover, the argument based on Raychaudhuri's equation used in the preceding paragraph now implies that, for each u ∈ (0, u 0 ),Σ u is weakly outer trapped, i.e., has null expansionθ + (u) ≤ 0. If θ + (u) < 0 at some point, one could perturbΣ u within V via null mean curvature flow (i.e., flow with velocity −θ + ν, where ν is the outward normal) to obtain a strictly outer trapped surface in V homologous to Σ. It follows that eachΣ u in the foliation is a MOTS.
Proof of Theorem 1.4. We begin by describing an analogous spacelike version of Theorem 1.1 (in which N is replaced by a spacelike hypersurface V ) that is proved in an entirely analogous manner. However, in this case, the sign condition involves the mean curvature of V ; in particular one gets a foliation by MOTS if V is maximal, i.e., has vanishing mean curvature.
As in the setting of Theorem 1.2, let V n be an n-dimensional, n ≥ 3, spacelike hypersurface in a spacetime (M n+1 , g). Let Σ n−1 be a closed hypersurface in V n , and assume that Σ n−1 separates V n into an "inside" and an "outside".
Let t → Σ t , −ǫ < t < ǫ, be a variation of Σ = Σ 0 that foliates a neighborhood U of Σ in V , such that ∂ ∂t = φν for some positive funtion φ on U, where ν is the outward unit normal field to the Σ t 's in V . Let θ(t) ∈ C ∞ (Σ t ) be the null expansion of Σ t with respect to the null normal field K t = ν t + Z, where Z is the future directed unit normal field to N in M. A computation similar to that leading to (3.12), gives
where τ is the mean curvature of V , χ = χ t is the null second fundamental form of Σ t with respect to K t and X = tan D ν Z. Then, arguing in much the same way as in the proof of Theorem 1.1, one can use (4.14) to obtain the following. We now describe how Theorem 1.4 follows from Theorem 4.1. Let Σ n−1 be a cross section of the event horizon obtained by intersecting the event horizon with a spacelike hypersurface V n . Deform Σ slightly to the outside of the event horizon in V to obtain a surface Σ ′ homologous to Σ. Let U be the compact domain in V with boundary ∂U = Σ ∪ Σ ′ . By taking Σ ′ sufficiently close to Σ, we are ensured that results of Bartnik on the Dirichlet problem for the prescribed mean equation apply; see especially [7, Theorem 4.2] . Thus, we may conclude that there exists a maximal spacelike hypersurface W that spans Σ and Σ ′ , with smoothness up to the boundary. Apart from Σ, W is contained in the region outside the event horizon. But, as commented upon in the introduction, there can be no outer trapped, or even marginally outer trapped, surfaces outside the event horizon in black hole spacetimes obeying the null energy condition. Thus, Σ is an outer apparent horizon in W , and Theorem 4.1 applied to Σ ⊂ W implies that Σ is of positive Yamabe type.
In this paper we have presented several scenarios in which horizons are proven to be of positive Yamabe type, without the exceptional case that occurs in the main result of [13] . While the situation with regard to stationary black hole spacetimes has been completely resolved, the dynamical black hole setting, as considered in Corollary 1.3, still requires a sign condition (θ − < 0). However reasonable this may be, it would be desirable to have a result applicable to this situation that does not require this 'inner trapped' condition. In fact, it appears that it may be possible to eliminate this condition all together by a quite different argument, based on an existence result for apparent horizons due to Schoen [19] , subject only to a mild asymptotic condition; details of this will appear elsewhere.
Finally, we remark that results of Andersson and Metzger [4] provide criteria for extending the local foliation by MOTS in Theorem 1.2 to a global one.
